The small-amplitude in-plane vibrations of an elastic rod clamped at both extremities are studied. The rod is modeled as an extensible, shearable, planar Kirchhoff elastic rod under large displacements and rotations, and the vibration frequencies are computed both analytically and numerically as a function of the loading. Of particular interest is the variation of mode frequencies as the load is increased through the buckling threshold. While for some modes there are no qualitative changes in the mode frequencies, other frequencies experience rapid variations after the buckling threshold, the thinner the rod, the more abrupt the variations. Eventually, a mismatch for half of the frequencies at buckling arises between the zero thickness limit of the extensible model and the inextensible model.
embedded in each cross-section: d 1 is perpendicular to the section plane, d 2 is along the small span (of length h) of the section, and d 3 is along the wide span (of length b) of the section. In the 48 undeformed state, d 1 (S ) ≡ e x , d 2 (S ) ≡ e y , and d 3 (S ) ≡ e z . We only consider deformed states 49 that are (i) planar (where the rod center line R(S ) lies in the (x, y) plane, the rod being bent along 50 its small span h), and (ii) twist-less (where the director d 3 (S ) ≡ e z ). Note that in the presence of 51 extension and shear, S may no longer be the arc-length of the curve R(S ) in the deformed state.
52
We introduce extension and shear strains, e 1 and e 2 , such that:
In the absence of extension (e 1 = 0) and shear (e 2 = 0), the director d 1 is the unit tangent to the 54 centerline R(S ) = (X(S ), Y(S ), Z(S )). We introduce the angle θ(S ) to parametrize the rotation of 
Dynamics

57
We use the Kirchhoff dynamical equations for elastic rods [10] , where the stresses in the 58 section are averaged to yield an internal force N(S ) and an internal moment M(S ). These internal 59 forces and moments are the loads exerted on the section at S by the part of the rod atS > S . In 
where E is Young's modulus. Note that κ is not the curvature in general. In a similar way, the 
where G is the shear modulus.
In the planar case considered here, we have Z(S , T ) ≡ 0, N z (S , T ) ≡ 0, M x (S , T ) ≡ 0, and
72
M y (S , T ) ≡ 0, ∀(S , T ) so that the equations for the six remaining unknowns are 73 X = (1 + e 1 ) cos θ − e 2 sin θ,
Y = (1 + e 1 ) sin θ + e 2 cos θ,
M = e 2 N 1 − (1 + e 1 ) N 2 + ρIθ,
where M = M z = M 3 , N 1 = N x cos θ + N y sin θ, and N 2 = −N x sin θ + N y cos θ. The strains (e 1 , e 2 ) 74 are given by Eqs (6) and (7) as functions of N x and N y .
75
Dimensionless variables
76
We scale all lengths with L, time with τ def = L 2 ρhb/(EI), forces with EI/L 2 , and moments
77
with EI/L. This naturally introduces a parameter
which takes small values in the present case of slender rods. Dimensionless variables will be 79 written lowercase, e.g. x def = X/L, or m def = ML/(EI). The constitutive relations (6) and (7) read: 80 e 1 = η n 1 and e 2 = 2(1 + ν) η n 2 , where the Poisson ratio ν arises from the relation E = 2(1 + ν) G.
81
Rods with η > 0 are extensible, shearable rods for which the rotational inertia is accounted 82 for. They will be simply called extensible rods. Rods with η = 0 will be simply called inextensi-
83
ble rods, although they really are inextensible, unshearable rods for which the rotational inertia 84 is ignored. Such rods are frequently called elastica [16, 17] . The systems of equations (8) in dimensionless form reads
with n 1 = n x cos θ + n y sin θ and n 2 = −n x sin θ + n y cos θ. In our problem, we consider a clamped-
88
clamped rod and control the end-shortening d
. This setup implies the 89 following boundary conditions:
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For each given value of the end-shortening d, we find the equilibrium configuration (x e , y e , θ e , m e , n xe , n ye ) by solving system (10) withẍ e = 0 andÿ e = 0. Then we look for small-amplitude 92 vibrations around this equilibrium configuration, that is, we set
where δ 1 is a small parameter, and ω is the frequency of the vibration. Inserting (12) into (10)
94
and keeping only linear terms in δ, we obtain equations for the spatial modes (x,ȳ,θ,m,n x ,n y ):
y (s) =θ cos θ e + η (n 1 sin θ e + 2(1 + ν)n 2 cos θ e ) + ηθ (n 1e cos θ e − 2(1 + ν) n 2e sin θ e ) ,
withn 1 =n x cos θ e +n y sin θ e +θ −n xe sin θ e + n ye cos θ e andn 2 = −n x sin θ e +n y cos θ e + 96θ −n xe cos θ e − n ye sin θ e . The boundary conditions on the spatial modes are
For given parameters η and ν and given end-shortening d, the equilibrium (x e , y e , θ e , m e , n xe , n ye ) 98 is first computed from (10) withẍ e = 0 andÿ e = 0. Then the 6D system (13) with the six bound-99 ary conditions (14) is a well-defined boundary value problem, but with the additional unknown 100 ω. For computational purpose, we normalize the linear solution of this problem by imposing the
Equilibrium
103
We use a 'home-made' predictor-corrector path-following code to address the problem nu- In Fig. 2 We first consider the equilibrium solution where the axially loaded rod is straight, but com-
The vibrations around this straight equilibrium are either extensional of flexural. Extensional 119 vibrations modes are solutions of:
with boundary conditionsx(0) = 0 =x(1). This yields vibrations frequencies of the form 
The general solution is of the form:
where we used the two wave numbers when ω = 0 = µ ω , i.e. for k + = √ µ p = 2π and k − = 0. This yields:
Vibrations around the buckled state
132
Once the equilibrium solution is known, we solve the boundary value problem (13)- (14) 133 numerically with a shooting method: (i) we first use a guess for the unknown parameters χ =
134
(m(0),n x (0),n y (0), ω) and we integrate the system (13) up to s = 1; (ii) we then check if the Once a solution χ i is found for a given p = p i , we set p = p i+1 and use the value χ i as 138 starting guess (predictor step) for the shooting method at p = p i+1 (corrector step). In this 
153
We now focus on the first mode, which emerges from ω = 0 at buckling. In origin. Using h = 12η L we obtain:
which means that the limit η → 0 is singular for this first mode. The same phenomenon happens 165 for all odd modes. frequency Ω (in rad/s):
The presence of the celerity c = E/ρ of compression elastic waves in this expression shows 169 that directly after buckling and for a short loading interval (i.e. Y e (L/2) = 0 to Y e (L/2) 2h),
170
the lowest mode of vibration of a buckled rod is of extension-compression type. We also see in The curves nearly collapse on a master curve whose slope at the origin is 28. The dashed curve (red online), whose slope at the origin is 2 √ 2 π 2 27.9 and which is hardly distinguishable from the previous ones, is the first mode solution of (25). (c) Same data as in (a) but with d = D/L on the horizontal axis. (d) Same data but with the horizontal axis rescaled with (4π 2 η); As in (b) the curves nearly collapse on a master curve. The dashed curve (red online), which is hardly distinguishable from the previous ones, is the first mode solution of (25).
of the rod could be a way to define the notion of a shallow (resp. deep) buckled equilibrium 174 shape: a shallow (resp. deep) equilibrium shape has a vibrational response that is primarily 175 extensional (resp. flexural).
176
We now focus on the second mode and show that it does not suffer the same singularity as the 177 first one. The mode frequency emerges from a finite value ω b = ω b (η) at buckling, and we see in 
In conclusion, the limit η → 0 is smooth for the second mode (and in fact for all even modes). with
In this model a certain number of assumptions on the nonlinear terms are made, see e.g. Eq. (B.3).
186
Calculating the frequency of the first mode just after buckling, we find:
where √ 2/3 π are impossible here as they would require shortening of the ends.
198
Axial vibrations are given by: 
Comparison of the extensible and inextensible results
211
We here compare the post-buckled vibrations frequencies obtained numerically for the ex- inextensible case there is no curve emerging from ω = 0 at buckling, whereas there always is 214 one for all η values in the extensible case (Fig. 3) . On the other hand, in the inextensible case In order to understand the mismatch of the odd modes' frequencies at buckling between the 233 extensible and inextensible cases, we look at the problem analytically. In the inextensible case, 234 buckling happens for p = 4π 2 . We look for the frequencies that emerge from the continuum 235 present for p ≤ 4π 2 . If the η → 0 limit was not singular we would just look for the solutions of 236 (20) for η = 0 and p = 4π 2 , that is:
with k ± = √ 4π 4 + ω 2 ± 2π 2 . The solutions are listed in Table 1 and we see that, for the odd 238 modes, they do not match what is found numerically.
239
To investigate matter further we set η = 0 in Eqs. 
n xe = −p (29b) θ e = −p sin θ e − n ye cos θ e with θ e (0) = 0 = θ e (1) (29c)
x e = cos θ e with x e (1) − x e (0) = 1 − d (29d) y e = sin θ e with y e (0) = y e (1), represented in Fig. 1 and on which we focus, is such a mode. We address the behavior of the 246 solutions after but close to buckling. Therefore, we expand the variables θ e (s) and y e (s) in powers 247 of , a small parameter measuring the distance from buckling:
We substitute these expansions in the equilibrium equations (29), which have to be satisfied to 
In order to relate to the control parameter d and the amplitude after bifurcation, we compute 251 the end-shortening
and the rod maximum deflection
Vibration around the post-buckled equilibrium
254
We expand all modal variables (x,ȳ,θ,m,n x ,n y ) and the frequency ω in powers of . For 
with k
The boundary conditions impose that
262
A 0 P 1 (ω 0 ) = 0 with (37)
which is an equation for ω 0 . The first eight solutions of P 1 (ω 0 ) = 0 are listed in Table 1 =θ 0 sin 2πs withx 1 (0) = 0 =x 1 (1) (39a)
= 2 ω 0 ω 1ȳ0 + 2πn x0 cos 2πs (39c)
We start by solving equation (39a). The boundary conditionx 1 (1) = 0 implies 265 A 0 P 2 (ω 0 ) = 0 with (40)
The solutions have to satisfy Eqs. (37) and (40), which are transcendental equations for ω 0 . A 266 numerical root finding analysis reveals that P 1 (ω 0 ) = 0 and P 2 (ω 0 ) = 0 share half of their roots,
267
see Table 2 where columns with an even index correspond to common roots and match numerical 268 values at p = 4π 2 for the continuous curves plotted in Fig. 3-(d) . In the case of a common Table 2 : First eight solutions of P 2 (ω 0 ) = 0 (see Eq. (41)).
where
In order to select a mode, we need to proceed to order 2 , which reads
The boundary conditions at s = 1 impose P 3 (ω 0 )/P 1 (ω 0 ) = 0 where
Oddly enough this function P 3 (ω 0 ) has the same set of common roots as P 1 (ω 0 ) and P 2 (ω 0 ), see 278   Table 3 . The other roots correspond to the frequency values at which the (discontinuous) odd 279 mode curves emerge from p = 4π 2 in Fig. 3-(d) . Moreover one can verify that
which implies that the common roots must verify:
These roots correspond to frequencies that do not vary abruptly after buckling has occurred. An 282 approximate formula is k + 0 π/2 + 2 jπ (with positive integers j), which yields ω 0 (π/2) 2 (4 j + 283 1) (4 j − 3)(4 j + 5) (corresponding to columns with i > 1 even in Table 3 ).
284
Formulas for the roots of the three functions P 1 , P 2 , and P 3 in the limit of large k + 0 are given 285 in Appendix C. In particular it is shown that the set of roots of P 3 which is not in common with 286 P 1 and P 2 is such that k + 0 3π/2+2 jπ (with positive integers j). This implies that the frequencies 287 emerging from buckling are such that ω 0 (π/2) 2 (4 j + 3) (4 j + 7)(4 j − 1) (corresponding to 288 columns with i > 1 odd in Table 3 ). 
299
From a theoretical point of view, the singular inextensible limit in the displacement control 300 case is rather surprising and unexpected. Indeed, Equations (13) can be easily recast in the form 301 of a classical eigenvalue problem
where X is the six-dimensional vector build from the six normal mode variables, L is a first- 
319
A tentative classification for the modes is given by the number of nodes present in 0 < s < 1, 320 a mode i having i − 1 nodes and i antinodes. We see that this classification works for the modes 321 in the pre-buckling regime (Fig. 4) , but fails for the third mode in the inextensible (η = 0) case
322
(see shape B 3 in Fig. 10 and C 3 in Fig. 11 ), as well as in the extensible rod (η > 0) case provided
323
we are far enough in the post-buckling regime (see shape C 3 in Fig. 6 ).
324
An interesting situation arises when the first mode intersects with the second mode. This can 
28 Y e (L/2)/h meets the second mode frequency ω and deep buckled shapes (where bending prevails) to enrich the sound is a tantalizing idea that 333 deserves further attention. We also note that in the case of the piano, the soundboard is a plate
334
and not a rod, and that furthermore the soundboard is linked to the piano strings by a bridge, so 335 really the whole system should be studied. In the inextensible, unshearable case, the solution of system (10) withẍ e = 0 andÿ e = 0 352 corresponds to the equilibrium of the planar elastica, first studied by Euler [16] (see [17] for an 353 historical account).
354
Closed-form solutions of these equations can be written in terms of elliptic functions, see e.g.
355
[18]. In particular the dotted (red) curve in Fig. 2 has the parametric expression: notations one uses the displacements (see Fig.1 ):
also functions of the arc-length S of the reference configuration. In the current configuration the 366 derivative of the current position with regard to S will not yield a unit vector if extension occurs.
367
If we restrict to the case where shear is not present (i.e. e 2 = 0), we have X (S ) 2 + Y (S ) 2 =
368
(1 + e 1 ) 2 which yields:
Usually the right-hand side is neglected and the following von Karman approximation is used:
Appendix C. Analytical formulas for the roots of the functions P 1 , P 2 , and P 3
371
In the limit of large k where j is a large integer, and i is the mode number (i.e. column number in Table 1 ). In the same where j is a large integer, and i is the mode number (i.e. column number in Table 2 ). In the same limit of high frequencies, function P 3 (ω 0 ) (see Eq. (46) where j is a large integer, and i is the mode number (i.e. column number in Table 3 ). We see that
382
in this limit the three functions P 1 , P 2 , and P 3 share half of their roots, namely those given by 383 (C.3), (C.7), or (C.9).
384
Appendix D. Smooth inextensible limit in the load control case 385 We here show that in the case where the axial load p is controlled, the inextensible limit 
